Using Fundamental Identities

In Chapter 4, you studied the basic definitions, properties, graphs, and applications of the individual trig

function.

Learning Targets

1. Evaluate trigonometric functions.
2. Simplify trigonometric functions.
3. Develop additional trig identities.
4. Solve trig equations.

e There are six main types of basic trigonometric identities.

Reciprocal Identities (we know these already)
Quotient Identities (we have discussed these)
Pythagorean Identities

Co-function Identities

Negative Angle Identities

e The trigonometric identities express important fundamental relationships amongst the values of different
trigonometric function.

e These identities are useful whenever expressions involving trigonometric functions need to be
simplified. This skill is of supreme importance in the study of Calculus.

I. Some trigonometric identities follow directly from the definitions of the six basic trig functions. These basic
identities consist of the reciprocal identities and the quotient identities.
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in@ 1 g tan 8 L
sinff = —— cosf = anf = ——
. csc secH ' cotd
] g ! g L
cscf = —— secl = cotf =
gin # c cosd tan#
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Example 1: Using Identities

a. Find sin@ and cos@if tan@ =5 and cos@ >0

SOLUTION We could solve this problem by the reference triangle techniques of
Section 4.3 (see Example 7 in that section), but we will show an alternate solution
here using only identities.

First, we note that sec” @ = | + tan® @ = 1 + 5° = 26,s0sec @ = = V76.
Since sec # = £ 26, we have cos @ = lfsec # = 1/ W26,
Butcos @ = 0,s0cos 8§ = 1/26.

Finally,
tan# = 5
sinf
cos f
sinfl = Scosé = 5(;_) = 5_
V26 V26
. 5 1 i
Therefore, sinf = —=andcos #§ = —. Now try Exercise 1.
V26 V26

b. If cosé = —% , use trig identities to find the other five trig function values of 6. Assume Tco<r.
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c. Find sec@ and csc@if tand =3 and cosé > 0.
sec?f = 1+ tan?f Using a trigonometric identity property,
secifl =1+ 32 plugging in the given values, and
seclfl = 10 solving.
seefl = /10
e~ tan T i ™
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d. Use the values secu = —g and tan @ > 0 to find the values of all six trig functions

Use the values sec v = —3 and tan u > 0 to find the values of all six trigonometric
functions.

Solution

Using a reciprocal identity, you have

1 2

CoOsu =

secu —3/2 3

Using a Pythagorean identity, you have

P ) 2
siicu =1 —cos~u Pythagorean identity
742
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=l=-=== Simplify.
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Because secu < 0 and tan n = 0, it follows that & lies in Quadrant I11. Moreover,
because sin u is negative when u is in Quadrant III, you can choose the negative root
and obtain sin 4 = —+/5/3. Now, knowing the values of the sine and cosine, you can
find the values of all six trigonometric functions.
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EVEN/ODD IDENTITIES

Recall that a function f is even if, for every x in the domain of f, f(—x) = f(x) and odd if f(-x)=—f(x). Each
of the six basic trigonometric functions is either odd or even.

NEGATIVE ANGLE IDENTITIES (EVEN/ODD IDENTITIES)
sin(—8) = —sin@ cos(—8) = cos @ tan(—#) = —tan @

csc(—8) = —csc sec(—0) = sec cot(—8) = —cot @

COFUNCTION IDENTITIES

A trigonometric function f is a co-function of another trigonometric function g if f(«) = g(f) where o and 8
are complementary angles. Thus the “c-0” in co-function is short for complementary.

CO-FUNCTION IDENTITIES

sin 8 = cos (% — E) tan # = cot (g— B) secH = csc (%— H)
cos 8 = sin (% — E) cotf = tan(g— E?) csch = sec (%— H)

. . . . M
Note: to rewrite the identities in degree measure replace . with 90°.




Example 2: Using More ldentities

a. co 2—9 :§, cos(9:ﬂ
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*co{%—@)zsine therefore sin9=g and csc9=§

cosf = ﬂ SO secd = E
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tan@:w =
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= (gj(ﬁj = §and cot6?=ﬂ
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b. If cosd = 0.34, find sin(@ —%j

SOLUTION This problem can best be solved using identities.

sIn (H - E) —=in (E - f‘?) Sine is odd
2 2

—cos f Cofunction identity

—0.34 Now try Exercise 7.

I1. Simplifying Trig Expressions.

In calculus it is often necessary to deal with expressions that involve trig function. Some of those expressions
start out looking fairly complicated, but it is often possible to use identities along with algebraic techniques to
simplify the expressions before dealing with them.

Example 3: Factoring a Trig Expression
a. sec’9-1 b. 4tan® x +tanx —3
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Example 4: Simplify to a Single Trig Function

a. Simplify the expression sin® x +sinxcos’ x

SOLUTION

Solve Algebraically
. 3 - . . 3 2
sin” x + sin x cos” x = sinx (sin” x + cos” x)

= sinx (1) Pythagorean identity

= 5N X

b. Simplify the expression sinxcos® x —sinx

Solution

First factor out a common monomial factor and then use a fundamental identity.
sin x cos? x — sinx = sin xlcos?x — 1) Factor out common monomial factor.
= —sinx(l — cos?x)  Factor out —1.
= —sin .l'l.r_EiI'.I.E x) Pythagorean identity

= —sin® x Multiply.




c. Simplify sint + cott cost

Solution

Begin by rewriting cot ¢ in terms of sine and cosine.

: . cos !
sini{ +cottcost = st + ( !') Cos I Quotient identity
sln

sin? ¢t + cos?i

Add fractions.

sin f
1
= —_— Pythagorean identity
1
= CcsC 1 Reciprocal identity

(secx +1)secx—1)
sin® x

d. Simplify

(secx + 1)(secx — 1)  secliy— 1

—3 = =5 (a+ bj{a—-b)=¢d" - b
sin” x sin” X
tan® x o
= — Pythagorean identity
sin” x
sin® x 1 S
= i fan x =
cos® x sin® x O X
1
cos” x



COSX sin x
l1-sinx cosx

e. Simplify:

SOLUTIHONN
COS X sln X

Il — sinx COs X

CO% X COs X siny | — sinx

| — sinx cosx cosxy | — sinx

_ (cosx)(cos x) = (sinx)(1 = sinx)

(1 — sinx){cos x)

cos2x — sinx + sin® x

(1 — sinx){cos x)

l — sinx

- (1 — sin x){cos x)
1

L
= 5&C X
. . sin X COSX
f. Simplify: +—
1+cosx sinx
Solution

Rewrite using common
denominator.

Pythogorean identity

sin # , cos 8 (sin #)(sin #) + (cos #)(1 + cos #)

I +cosf  siné (1 + cos #)(sin &)

_ sin? # + cos? @ + cos
(1 + cos #)sin #)

_ 1l +eosB
" (1L 4+—cosBj(sin 6)
|

slm #

= ¢csc B

Blultiply.

Pythagorean identity:
sin® @ + cos? @ = |

Drivide out commaon facton

Reciprocal identity



